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PROPERTffiS OF SINGULAR INTEGRAL OPERATORS Sa,p 

AMIT SAMANTA AND SANTANU SARKAR 


Abstract. For a,P £ the singular integral operator Sa,p on L^{S^) is defined by 

Sa,pf '■= cePf + PQf, where P denotes the orthogonal projection of L^{S^) onto the Hardy 
space and Q denotes the orthogonal projection onto . In a recent paper Nakazi 

and Yamamoto have studied the normality and self-adjointness of Sa,p- This work has shown that 
Sa,p may have analogous properties to that of the Toeplitz operator. In this paper we study several 
other properties of Sa,p- 


1. Introduction 


Let denotes the the Hilbert space of square integrable functions on the circle 

5^ = {zGC:| 2;| = 1} with respect to the normalized Lebesgue measure. The inner product of 
two functions /, p € is given by 


The norm will be denoted by || . ||, that is || / |p= (/, /). Let L°° = L°°{S^) denotes the space 
of all essentially bounded measurable functions on . The norm of a function / G L°° is given 
by II / ||oo= ess supgi|/|. Let denotes the usual Hardy space on S^. That is it consists of all 
/ in with all the negative Fourier coefficients equal to zero. Similarly we define H°°, fo be 
fhe space of all L°° funcfions wifh all fhe negafive Fourier coefficienls zero. Lef denofes fhe 
orfhogonal complemenf of in L^. Lef P and Q denofe fhe orfhogonal projecfion of onfo 
and respecfively. Thus P + Q = I, where I is fhe identify operafor on L^. 

Lef S be fhe singular integral operafor defined by 


{Sf){z) = - [ 
m Js^ 


f{w) 


■dw. 


/51 w — z 

This operafor is well-sfudied (1^, Vol.I, p. 12). S can be wriffen in terms of P and Q : S = P — Q. 
The operator S has natural generalization to the operator where Sa^fs{ct, /3 G L°°) on is 
defined by 

:=aPf + ^Qf, feL\ 


Some properfies of related fo fhe norm (or weighfed norm), inverfibilify, boundedness (wifh 
weighf) efc have been sfudied in (f3i], [A] , |l6il, fTl, f8], f91, ifTOl . ifTTI . HU). Some of fhese 
resulfs are generalizafions of properfies of S. In a recenf paper ( ifTOll ) fhe normality and self- 
adjoinfness of fhe operator Sa,i 3 are sfudied. This work has shown fhat Sa,i 3 may have analogous 
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properties to the Toeplitz operator. In this paper we found several analogous properties of 
corresponding to that of the Toeplitz operator. 

The paper is organized as follows. In Section 2 we give a characterization of in terms of 
its matrix representation. In Section 3 we discuss about its operator norm. In Section 4 we give 
characterization of as a commutator of S^^z- Section 5 deals with the invariant subspace and 
reducing subspace of S^^z- In Section 6 we discuss about composition of two operators 
and S 02 , 02 - '^1^0 study their commutativity. In Section 7 we give some results related to the 

compactness of Sa,p- Section 8 deals with the spectrum of Sa, 0 - In Section 9 we discuss about the 
injectivity of Sa,p and its adjoint. 

In order to compare our results with that of the Toeplitz operator the corresponding properties 
of the Toeplitz operator is worth mentioning. For </> € L°° the Toeplitz operator Tp on is 
defined hy Tp{f) = P(0/) for all / G . The following mentioned properties of the Topelitz 
operator are well-known and can be found in (lTi|, Chapter 3 and Chapter 1). 

• A bounded operator on is a Toeplitz operator if and only if its matrix with respect 
to the orthonormal basis {e*"®} has constant diagonal entries. That is Ami.m = Am 2 ,n 2 
whenever mi — ni = m 2 — n 2 where {Am,n)m,n>o denotes the (m, n)th entry of the 
matrix. 

• II Tp 11= Spectral radius of Tp =|| (j) ||oo • 

• The commutant of the unilateral shift acting on is Tp such that cj) G H°°. 

• (Beurling’s Theorem). Every invariant subspace of the unilateral shift acting on other 
than {0} has the form where -ip is an inner function, i.e. ip G H°°, \ip\ = 1 a.e. 

• The only reducing subspaces of the unilateral shift are {0} and 

• Let ip,<p & L°°. Then is a Toeplitz operator if and only if ip is co-analytic or cp is 

analytic. In both of these cases It follows that the product of two Toeplitz 

operator is zero if and only if at least one of the factor is zero. Also it follows that if both 
(p and Ip are analytic or both (p and ip are co-analytic, then they commute with each other. 
In fact there can arise one more case when Tp commutes with and that is acp + bip is 
constant for some constants a and b not both equal to zero. 

• The only compact Toeplitz operator is the zero operator. Toeplitz operator can not even 
get closer to compact operators, more preciously if G L°° and K is a compact operator 
then \\ Tp — K ||>|| Tp || . 

• Spectral radius of the Toeplitz operator is || (p ||oo . If </> is analytic or co-analytic then 

(y{Tp) = where ID is the open unit disc in C. If cp is continuous (so that it can be 

cosidered as a closed curve in C), then 

cr{Tp) = Range((/)) U {o G C : a ^ Range((()) and mda(p /O}, 
where ind«0 = ^dz. 

• (The Coburn Alternative). If (/> is a non-zero function in then at least one of Tp and 

is injective. 

We end this section with a well-known theorem of F. and M. Riesz, which will be used several 
times in this paper. 
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Theorem 1,1, (The F and M. Riesz Theorem). If f ^ and the set {e*® : /(e*®) = 0} has 
positive measure, then f is identically zero. 

It follows easily from the theorem that the same is true if / is a eo-analytie funetion in if. 


2. Matrix 

The following theorem gives a eharaeterization in terms of its matrix representation. 

Theorem 2,1, Let T be a bounded linear operator on Lf. Then T = Sa^isfor some functions 
a and (3 iff its matrix with respect to the orthonormal basis {z^}'^=-oo the form 

b-i b-2 b-3 
bo 6-1 b-2 a_3 
bi bo b-i a-2 a-3 

62 61 bo a-i a -2 a -3 

63 62 61 «o «-i a -2 a -3 

63 62 ai ao 0.-1 0-2 

63 O2 Oi Oq 0-1 

03 02 oi ao 

as 02 oi 

for some constants an and bn, n G Z, (the set of all integers); more precisely its (m, n)th entry is 
ttm-n or bm-n accordingly whether n > 0 or n < —1. (In the matrix boldface denotes the (0, 0) 
position). In this case an = a{n) and bn = I3{n). 


Proof. First assume that T = Sa,p for some a,j3 G L°°. Sinee Tz^ = az^ if n > 0 and 
Tz^ = /3z"' if n < — 1, it follows that {Tz^, z^) is Q;(m — n) or /3(m — n) aeeordingly whether 
n > 0 orn < — 1. Therefore the matrix of T with respeet to the orthonormal basis has 

the given form with an = a{n) and bn = ${n). This proves the neeessary part. 

For the eonverse part, assume that the matrix of T has the given form. Define a := T1 and 
j3 = zTz~^. Then a,(3 G L"^, and 

OD OD 

a{z) = iTl){z) = Y. (Tfz^)z^= Y 

m=—00 m=—oo 

sinee (Tl, z™) = (m, 0) th entry in the matrix = am. Similarly 


l3{z) = zTz ^ = z[ Y 


)z^\=z 


^ ^ bm+l 


z^ = 




If n > 0, 


Tz'^= Y {Tz^,z^) 


z^ = 


am-rtZ^ = z'^ 


= z^a{z). 
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In a similar way, Tz^ = z'^(3 {z) if if n < —1. Since T is linear, we can say that T/ = a/ if / is a 
trigonometric polynomial in and T/ = /3/ if / is a trigonometric polynomial in H‘^^. Now, if 
/ G then there is a sequence fn of trigonometric polynomials in such that /n —^ / in L^, 
so that afn = T/„ —)■ T/ in L^, since T is bounded. Now along a subsequence fn^, f point 
wise almost everywhere. Hence afn^ —)• otf point wise almost everywhere. So we can conclude 
that Tf = af almost everywhere for all / G In a similar way we can show that Tf = (3f for 
all / in H^-^. So, we have Tf = aPf + f3Qf for all / G or T = It remains to prove 
that a and P are in L°°. But this proof is standard and we skip the proof here, because in another 
occasion we shall prove the same thing(see the last part of the proof of Theorem 14.31 in section 
4). □ 


3. Operator norm 


Let a, /3 G L°°. In f5i| (Theorem 2.1), Nakazi, Yamamoto has given the following formula for 
the operator norm of ■ 


|5'a,/3|| = inf 


lap + 


+ \ \a/3 - /cP + 


lap — 


We shall use some of the following results related to the operator norm in future. Though they can 
be deduced from the above formula, we shall give direct simple proofs. For (3 G L°°, we define 
the operator T/j on given by 


fp{f) = Q{/3f), 


Theorem 3.1. Let a,j3^ L°°. 

(i) If an ^ cx and /3n ^ 13 in L°° norm then —>■ in the operator norm. 

(ii) max{J|a||oo,||P||oo} < \\Sa,ti\\ < Vll«ll^ + IIPIIL- 
(hi)//a/3 G then ||5«/3|| = max{||a||oo, ||/3||oo} 

(iv) ^|a| = |/3| = constant and aP G i.e. ap can be written as quotient of a function in 
and a function in iTp then ||S’o,/ 3 || = y/|l“ll^ + UPH^ • 

(■v) There exists a, P such that ma.x{\\a\\oo,\\P\\oo} < ||-S'a,/3|| < \/||a||^ + WPWL- 

Proof (i) Proof follows from the fact that, for any f ^ Lp, 

||(5„„,^„ - S^,p)f\\ = ||(a„ - a)Pf + {Pn - P)Qf\\ < ||a„ - a||oo||/|| + \\Pn- P\\oo\\f\\. 

(ii) 


\\Sa,l3\\ = sup \\Sa,0f\\ 

/ 6 iMI/ll=l 

> sup llafll 

feHL\\f\\=i 

> sup \\P{af)\\ 

P^HL\\f\\ = l 

= sup ||rQ,/|| = ||r„ 

/6H2,11/11 = 1 
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But we know that ||Tq,|| = ||a||oo- Therefore || 5 q,^/ 3 || > ||a||oo- In a similar way, using the faet 
11^/311 = 11/^I loo (the proof of this faet is similar to the proof of operator norm of the Toeplitz 
operator), we eanprove that 1111 > |l/3|loo- Henee ||5q,,^1| > max{||Q;||oo, |1;5||oo}- 
For any / G L^, 

\\Sa,)sf\\ < ||«||oc||T’/|| + ||/3||oc||Q/|| 

< (II«IIL + II/3|IL)"(II^/II' + IIQ/II')" 

= VIHI^ + II/3|I^II/II- 

Therefore ||S’a,/ 3 || < \/||a||^ + \\/3\\^- 

(iii) Sinee aj3 G H°°, for all f £ we have {aPf, PQf) = (a/3, PfQf) = 0. Thus 
l|5'a,/3/||^ = ||aP/|p+||/3Q/||^ < max{||a||oo, ||/3||oo}(||-P/|P+||<5/in = max{||a||oo, ||/31|oo 

Therefore ||5„,,g|| < max{||a||oo, ||/31|oo} and henee, by (ii), HSa,/?!! = max{||a||oo, ||/31|oo}- 

(iv) In view of (ii), it is enough to show that for some / G L^, ||5'q^/ 3/|P = (||a||^ + 
||/3||^)||/|p. By the given eondition it follows that there is an funetion / sueh that aPf — 
(3Qf = 0. Sinee \a\ = |/3| = eonstant, 

(ll«||L + mil) II/IP - \\Sa,)sf\\^ = \\aPf - /3Qff = 0. 

(v) For eaeh c G [0,1], define /3c{z) = cz + {1 — c)z. Note that c —)• /3c is eontinuous from 

[0,1] into L°°. Therefore, by (i), c —)• ||-S'i^^^|| is eontinuous. Now, by (iii), ||<S'i^^q|| = 1, and by 
(iv), = \/2. Therefore there exists a G (0,1) sueh that ||<S'i,/ 3 ^|| is strietly in between 1 

and y/2. But note that, for any c G [0,1], max{||ll|, ||/3cl|oo} = 1 and y||I[UTl(0lIU = 

In partieular, we eonelude that 

max{||l||oo,|l/3a||oo} < ||<5l,/3j| < Vl|l|l^ + ll/5a||^. 

□ 


4. Commutators 

This seetion deals with the eommutators of the operator Sz^z- It is easy to eheek that 5* z^z^z = 
I. So the operator Sz^z is an isometry. 

Definition 4.1, A funetion in is said to be analytie if it is in and it is said to be eo-analytie 
if its eonjugate is analytie. 

Proposition 4.2. commutes with Sz,z ijf ct is analytic and /3 is co-analytic. 

Proof. Let a be analytie and/3 be eo-analytie. Sz,zSa,pf = Sz^z{oiP f + jdQf) = zaPf + zf3Qf. 
On the other hand Sa^pSz^zf = Sa,i 3 {zPf + zQf) = azPf + zjdQf. Therefore Sz,zSa,i3 = 
Sa,i 3 Sz,z- Conversely, let Sa,j 3 eommutes with Sz,z- Then Sz,zSa,/ 3 ^ = Sa,/ 3 Sz,z^ whieh gives 
zPa + zQa = za = zPa + zQa so that zQa = zQa or Qa = 0 or a is analytie. Again 
Sz,zSa,/ 3 Z = Sa^isSz^zZ whieh gives zP{l3z) + zQ{l3z) = jdz^ = zP{l3z) + zQ{l3z). Therefore 
we get P{(3z) = 0 or /3z G or /3 is eo-analytie. □ 
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Theorem 4.3. Let T be a bounded operator on L^. Then T = Sa^/sfor some a, f3 ^ with a 
analytic and (5 co-analytic ijf the following two conditions hold : 

(i) T commutes with Sz,z< 

(ii) TiyH^ — {0}) intersects and — {0}) intersects 

Proof. For the only if part, (i) follows from the previous Proposition, {ii) is clear; in fact more 
is true that both and are invariant under T. For the converse part we follow the usual 
method. Assume that T be a bounded operator satisfying conditions (i) and (ii). First note that 
and n > 0. Therefore, defining the functions a := Tl, /3 := zTz 

and using the fact that T commutes with Sz,z, we get 

Tz^ = TSl,l = Sl,Tl = Sl,a, 

Tz ^+^ = TSlfz = Sl,Tz = n > 0. 

But, it is easy to check that, for any /, = z'^Pf + z"'Qf. Using this in the above we get 

Tz^ = z^Pa + z^Qa, 

= z^PizP) + z^Q{zl3), n > 0. 

Define f{z) = f{z). Then fhe above fwo equations are clearly equivalenf fo saying fhaf 

Tf = fPot + fQa, for all frigonometric polynomial / G H^, (4.1) 

Tf = zfP{zfj) + zfQ{z(3), for all frigonomefric polynomial / G . (4.2) 

Now using fhe boundedness of T we shall show fhaf 14. Il ls frue for all / in and 14. 2 1 is frue for 
all / in Lef / G Then fhere is a sequence of analyfic frigonometric polynomials /„ 
such that /n —^ / in L^. By 14.11 T= fnPot + fnQot- Now, along a subsequence —)• / 

point wise almost everywhere. Therefore {fn^Pa + fn^Qoi) —)• {fPa + fQa) point wise almost 
everywhere. But T being bounded T/„ —)• T/ in L^. So we conclude that Tf = fPa + fQa 
almost everywhere. In a similar way we can prove that 14.21 is true for / in FF^-*-. So we got 

Tf = fPa + fQa, for all / G FF^, (4.3) 

Tf = 7fP{zP) + zfQ{z^), for all / G FF^^. (4.4) 

Now, by condition (ii), there is a non zero function /o in FF^ such that T/o G FF^. Therefore for 
f = fo equation (14.31) implies that foQa = 0 or Qa = 0 or a is analytic. In a similar way, using 
the fact r(FF^-*- — {0}) intersects FF^-*- in equation (14.41) . we get P{zj3) = 0 or z/3 G FF^-*- or {3 
is co-analytic. Therefore (14.31) gives T/ = a/ if / G FF^; and 14.41 gives T/ = /?/ if / G FF^-*-. 
So, we can write Tf = aPf + jSQf for all / G L^. Hence T = It remains to prove that 
a,l3 ^ L°°. The proof of these facts are exactly similar to that for a Toeplitz operators. But for the 
shake of completeness we present the proof of /F G . The proof that a G will be similar. 
If T is zero operator the result is trivial. So assume that T / 0. Define 7 = ||^. Since /F G 
so is 70 . If / G FF2-L, T/ = and hence ||^/|| = ||r/|| < ||r||||/||. Therefore || 7 /|| < ||/||. 
Puffing / = z we gef ||7|| = 117^11 < 1. Again ||7^|| = 117^^11 = 1 17 ( 72 )|1 < II 72 II < 1. Using 
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induction we can prove that 117"^| | < 1 for all positive integers n. Now we claim that | I 7 I |oo < 1- 
If not there is an e > 0 such that the set 

E-.= {e*^:| 7 (e*'^)|>l + e} 

has positive measure. But then one can easily show that || 7 "^|| > (1 + e)"^|S|, where \E\ denotes 
the measure of E. Since 117"^| | < 1 for all n, li^l must be zero which is a contradiction. Therefore 
our claim that | I 7 I |oo < 1 is true, and consequently /3 is in L°°. □ 

Remark 4.4. We want to remark that for the if part in the previous theorem we need the condition 
(ii). It is possible to get an bounded operator T which commutes with Sz^z but T can not be 
written in the form for any a, (3 G L°°. Here we provide one such example. Define T on 
the orthonormal basis \ Tz^ = if n > 0 and Tz” = 0 if n is negative. Extend 

T by linearity to the space of all trigonometric polynomials. It is not hard to see that, for a 
trigonometric polynomial /, T f = Pf + zPf, so that ||r/|| < \\Pf\\ + ||zP/|| < 2||/||, since 
||P/|| = ||T’/||. therefore we can extend T as a bounded operator on L^. We continue to call this 
extended bounded operator as T. Now we show that T commutes with Sz,z- It is enough to show 
this only on the orthonormal basis {z^ : n G Z}, where Z denotes the set of all integers. If n > 0, 
then TSz,zz'^ = Tz'^+^ = z'^+^ + z'^+^ = Sz,z{z'^ + z^+^) = Sz,zTz'^. On the other hand if n is 
negative both TSz,zZ^ and Sz,zTz"' are zero. 

Form the above remark we have seen that only the condition that T commutes with Sz^z does 
not imply that T is of the form But if we increase the set of commutators a little more it is 
possible to get the desired result with out imposing the condition (ii). In fact the condition (ii) will 
hold automatically in that case. 

Theorem 4.5. A bounded operator T commutes with both Szfl and Sq^z iffT = Sa ,/3 for some 
a, [3 G L°° where a is analytic and (3 is co-analytic. 

Proof. If a, /? G with a analytic and (3 co-analytic then SzflSa./sf = zaPf and Sa^Szfif = 
azPf for all / in so that SzfiT = TSzfl. Similarly we can show that T = Sa,p commutes 
with Sq^z- Conversely, let T commutes with both Szfi and In view of the previous theorem it 
is enough to show that T satisfies fhe conditions (i) and (ii) there. Since 5^ ^ = 5^ 0 + ‘S'o,z 5 clearly 
T commutes with Sz^z and thus satisfies condition (i). Now = T^o^l gives zQ{Tl) = 0 

or Q{Tl) = 0 or T1 G Again, SzflTz = TSzflZ gives zP{Tz) = 0 or P(Tz) = 0 or Tz is 
in Hence T satisfies condition (ii) and we are done. □ 

5. Invariant suspaces 

In this section we give description of invariant subspaces and reducings subspace of Sz^z- 

Theorem 5.1. M C is an invariant sub space of Sz ,2 iff there exist inner functions f ond f> 
such that M = 0 

Proof Let M be an invariant subspace of Sz^z- Write M = Mi 0 M 2 , where Mi C and 
M 2 C Note that Sz,zM = zMi 0 ZM 2 which is contained in M = Mi 0 M 2 . Therefore 
zMi C Ml and ZM 2 C M 2 or equivalently both Mi and ZM 2 are forward shift invariant subspace 
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of Therefore, by Beurling‘s Theorem there exists inner functions 0 and ijj such that Mi = 
and ZM 2 = or M 2 = Conversely, let (j) and if; be two inner functions. 

By Beurling‘s theorem is invariant under the forward shift. Since is a subspace of 
and Sz^z 1^2 is nothing but the forward shift on H^, we can say that is invariant under Sz^z- 
Again, if^z being an inner function, by Beurling‘s Theorem ipzH'^ is an invariant subspace under 
forward shift. Equivalently = 'ipzH'^ is invariant under multiplication by z. Hence 

is invariant under Sz,z- Therefore 0 is an invariant subspace of Sz^z- D 

Theorem 5.2. M d L'^ is a reducing subspace of Sz,z iff M is or {0} or or H^-^. 

Proof. The sufficient part is easy to see. For the necessary part, let M is a reducing subspace of 
Sz,z- Write M = Mi © M 2 , where Mi and M 2 are subspaces of H 2 and respectively. Since 
M is invariant under Sz,z, by the proof of the previous theorem, both Mi and ZM 2 are forward shift 
invariant subspaces of H^. Again, we have Sf^M C Mi 0 M 2 or PfzM) 0 Q{zM) C Mi © M 2 
so that P{zM) C Ml and Q{zM) C M 2 . But P{zM) = P{zMi) and Q{zM) = Q{zM 2 ). 
Therefore Mi is an invariant subspace under the adjoint of forward shift (on H^) . Thus it is a 
reducing subspace of forward shift (on H^) and hence it must be equal to or {0}. On the other 
hand, since Q{zM 2 ) C M 2 , one can show that P{zzM 2 ) C zM 2 . In fact, if / G M 2 then / G M 2 
so that Q{zf) G M 2 or z[f — f{—l)z) G M 2 or (/ —/(— l)z) G ZM 2 or (/ —/(—Ijz) G ZM 2 or 
z'^ f—f{—l)z G ZM 2 or z"^ f—f(l)z G ZM 2 which implies P{z^ f) C ZM 2 as desired. Therefore, 
ZM 2 is also a reducing subspace of the forward shift operator on and hence ZM 2 = or 
{0} or equivalently M 2 = zPf^ = or {0}. But we already had that Mi = or {0}. So we 
conclude that M is or {0} or or □ 

6. Composition of two operators 

This section deals with composition of two operators of the form and 5'q2,/32- We shall 

show that when such a composition is again of the form Sa,p ■ We also study their commutativity. 

Theorem 6.1. Let ai, /3i, q; 2 ) /?2 G L°°. Then <S'q,i,/3i5'c2^^2 = Sa^pfor some a,l3 ^ L°° iff either 
ai = Pi, or 02 is analytic and P 2 is co-analytic. In that case a = 0102 and p = PiP 2 - 

Proof For f G L^, 

Sai,hiSa2,P2f = aiP{a2Pf + P2Qf) + PlQ{oi2Pf + P2Qf)- 

If = /3i, then right hand side becomes aiQ!2P/0/3i/32Q/which is nothing but S'Q,^a 2 ,/Sift/- If 
q ;2 is analytic and P 2 is co-analytic, then too, the right hand side equals to aia 2 Pf © Pip 2 Qf = 
Saia 2 ,hih 2 - This proves the if part of the Theorem. For the converse part, let Sai,i 3 iSa 2,/32 = Sa ,/3 
for some a, P G L°°. Applying on z” to both sides, we get 

aiP{a2Z^) + PiQ{a2Z^) = az"',n > 0 , ( 6 . 1 ) 

aiP{P2Z^) + PiQ{P 2Z^) = Pz^, n < - 1 , ( 6 . 2 ) 

Writing P{a 2 z"‘) = a 2 z'^ — Q{a 2 z'^) in l6.ll it follows that 

{a — aia2)z^ = {Pi — ai)Q{a2Z^),n > 0 . 
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Taking L2 norm of both side we get 

\\a - 010211 = ||(/3i - oi)Q(o 22 ;”)|| < \\/ 3 i - oi||oo||(5(o2^”')||,n > 0. 

Since ||(5(o2^;’^)|| —0 as n — 00, we conclude that o = 01 O 2 . In a similar way, using 16.2] 
we can show that /3 = /3i/32. Therefore 16.11 with n = 0 and 16.21 with n = — 1 respectively give 
01 ^( 02 )+/3i(5(o2) = 0102 and aiP{/32z)+(3iQ{132 z) =/3i/? 22. Writing P(o 2 ) = a 2 -Q(o 2 ) 
and Q{l32z) = /32Z — P{f32z), it follows that (/3i — ai)Q{o 2 ) = 0 and (oi — f3i)P{f32z) = 0 . 
Since a non zero analytic or co-analytic function can not vanishes on a set of positive measure, 
either oi = /3i or 02 analytic and (32 co-analytic. □ 

Corollary 6 . 2 . Let oi,/ 3 i, 02 ,/32 G L°°. Then Sai,i3iSa2,i32 = 0 ijf at least one of the following 
holds. 

(i) oi = / 3 i, 0102 = /?i /32 = 0 , 

(ii) oi = (32 = 0 , 02 is analytic. 

(Hi) 02 = ( 3 i = 0 , (32 is co-analytic. 

(iv) 02 = (32 = 0 . 

Proof. If part is easy to see from the formula of Sai,t3iSa2,i32f ■ 

Sau3l^»2,l32f = aiP{o2Pf + (32Qf) + PlQ{o2Pf + hQf)- 

Conversely, let Sai,piSa 2 ,P 2 = 0 = S'o,o- 

Case-1 : oi = ( 3 i. Then Saia2,hii32 — ^ai,i3iSa2,i32 = 0 hence 0102 = (3i(32 = 0. 

Case-2 : oi (3i. Then by the previous theorem, 02 is analytic and (32 is co-analytic. Also, 
01 O 2 = 0 and (3i(32 = 0. Since a non zero analytic (or co-analytic) function can not be zero on a 
set of positive measure, it follows that at least one of oi and 02 is zero and at least one of /3i and 
(32 is zero. Since we are dealing with the case ai / (3i, at least one of (ii), (Hi) and (iv) must 
hold. □ 

Theorem 6 . 3 . Let ai,/3i, 02 j /32 £ L°°. commutes with S' 02,/32 iff least one of the 

following holds: 

(i) oi, a2 analytic and ( 3 i, (32 co-analytic. 

(ii) oi = ( 3 i and a2 = (32- 

(iii) There are constants a,b,c with at least one of a and b is non-zero such that aoi + bo2 = 
a( 3 i -I- b(32 = c. 

To prove the theorem, we need several lemmas. 

Lemma 6 . 4 . Let oi, (3i,02, (32 G L°°. Sai,i3i commutes with 802,132 iff following two holds: 

(ai - (3i)Q{a2f) = (02 - (32)Q{aif) for all / G (6.3) 

(ai - (3i)P{(32g) = (02 - (32)P{(3ig) for all g G (6.4) 

Proof 80^,01 commutes with 8^2,02 8^.,,0^802,02f = 8a2,028auhif foi" and 

8ai,0^802,029 = 8a2,02Sai,l3i9 for all g in Now, for / G 

8a\,0\8o2,02f 802,02801,01 f *' 8oi,0i{oi2f} 8o2,02{o^lf') 

aiP{a2f) + l3iQ{a2f) = a2P{aif) -h l32Q{aif) 
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which is equivalent to (16.31) since aiP(a 2 f) = OL\OL 2 f — ctiQ{a 2 f) and a 2 P{aif) = a\a 2 f — 
OL 2 Q[oL\j). In a similar way we can show that, for g in PP‘^, Soii,i3iSa2,i329 — ^ 02 , 1 ^ 2 ^ 01 ,PiO is 
equivalent to (I6.4I) . Hence the proof. □ 

Lemma 6.5. Let 0i, V'l, 02, "02 £ L°°. Then 0i(5(02/) = '^ 2 Q{<Pif) for all f in iff at least 
one of the following holds : 

(a) Both 01 and 02 are analytic. 

(b) 01 = 02 = 0. 

(c) There are constants a and b with at least one of them is non-zero such that a0i + 602 = 0 and 
aQ(0i) + 6(3(02) = 0. 

Proof In this proof, without further mentioning, we use the fact that a non zero analytic function 
can not vanish on a set of positive measure. It is obvious that any one of conditions (a) and (b) is 
sufficient, where as sufficiency of condition (c) follows from fhe fad thaf Q{fi) = c(3(02) implies 
Qifif) = cC 3(02/) for all / in For fhe necessary parf, if is enough fo prove fhaf, if afleasf 
one of 01 and 02 is nof analyfic fhen (b) or (c) holds. Here we prove fhis assuming fhat 02 is nof 
analytic. The proof when 0i is nof analyfic will be similar. Two cases may happen : 0i02 = 0 and 
0102 / 0. Assume fhaf 0i02 = 0. The given equation wifh / = 1 gives 0i(3(02) = 02(3(0 i)- 
Mulfipling bofh sides wifh 0i we get 0iC3(02) = 0i02(3(0i) which implies 0^ = 0 or 0i = 0. 
Similarly, multiplying both sides by 02, we get 02 = 0. So the first case implies condition (b). 
Now we consider the second case i.e. 02 is not analytic and 0i02 0. For any /, g in we have 

01 <3(02/) = 02<3(0i/) and 'fiQ{(j) 2 g) = 02<3(0i5)- Cross multipliying these two equation we 
get 

0102(3(02/)<3(0l£/) = 0102(3(0 i/)<3(025) 

or 

< 3 ( 02 /)< 3 ( 0 i 5 ) = <3(01/)<3(025) for all /, p G (6.5) 

Since 02 is not analytic there exist integer uq > 1 such that 02 (—no) 0 0. In 16.51 putting / = 
^no-i g = {n> 0), we get <3(02-2”°~^)<3(0i'2^"') = <3(0i^"'°~^)<3(02'Z"')- Now we com¬ 

pare the coefficients of z~‘^ from both sides. Coefficient of z~‘^ in the series of <3(02'Z”°~^)<3(01'2^"’) 
is equal to the multiplication of the coefficient of z~^ in the series of < 3 ( 02 -^’^°”^) and the same in 
the series of (3(0i2;’^) which is nothing but 02(—no)0i(—n — 1). Similarly, the coefficient of z~‘^ 
in the series of (3(0i-2"'°~^)<3(02'Z"') is 0i(—no)02(—n — 1). So, we get 02(— no)0i(—n — 1) = 
0i(—no)02(—n — 1) or 0i(—n — 1) = 02(—n — 1) for all n > 0. But this is equivalent to 

saying that <3(0i) = c( 3 ( 02 ), where c = . Therefore the given equation with / = 1 gives 

01 = C 02 and hence condition (c) follows. □ 

In a similar way we can prove the following lemma. 

Lemma 6.6. Let 0i, 0i, 02,02 G L°°. Then 0iP(025) = 02^(015)/or all g in iff at least 

one of the following holds : 

(a) Both 01 and 02 are co-analytic. 

(b) 01 = 02 = 0. 
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(c) There are constants a and b with at least one of them non zero such that ai/’i + bip 2 = 0 and 
aP{zcj)i) + bP{zct) 2 ) = 0. 

Proof of Theorem 6.3 : For the sufficient part we need to show that any one condition of (i), 
(ii) and (iii) implies equations (16.31) and (16.41) in Lemma 16.41 That this is true for condition (i) 
or (ii) is obvious. On the other hand, condition (iii) implies that a(ai — /3i) = — 6(02 — 132), 
aQ{ai) = —bQ{a 2 ) and aP{z(3i) = —bP{z/32)- But aQ{ai) = —bQ{a 2 ) is equivalent to 
saying that aQ{aif) = —bQ{a 2 f) for all / E where as aP(z/3i) = —bP{zf32) is equivalent 
to saying that aP{(3ig) = —bP{(32g) for all g E Hence equations (16.31) and (16.41) follows. 
So the sufficient part is proved. 

Now we prove the necessary part. So let commutes with Sa 2 ,i 32 - By Lemma [631 equa¬ 

tions (16.3!) and (16.41) are true. But, equation (16.31) . by Lemma 1631 implies that at least one of the 
following holds : 

(1) Both and 02 are analytic 

( 2 ) ai = fii and 02 = h 

(3) There are constants a' and b' with at least one of them non zero such that a'{ai — /3i) + b'{a 2 — 
P 2 ) = 0 and a'Q{ai) + b'Q{a 2 ) = 0. 

Again, [631 by Lemma [631 implies that at lest one of the following holds : 

(!') Both /?! and /32 are co-analytic 
( 2 ') ai = j3i and 02 = ^2 

(3') There are constants a” and b” with at least one of them non zero such that a''{ai — /3i) + 
b"{a 2 — P 2 ) = 0 and a"P{zf3i) + b''P{z^ 2 ) = 0. 

Since (2) or (2') implies (ii), we only need to consider the following four cases. 

Case-1 : (1) and (F) are true. But this is nothing but condition (i). 

Case-2 : (1) and (3') are true. (3') implies that a"a!i -|- 6 "q ;2 = a"/Si +b''(32- Since, by (1), ai and 
02 are analytic, a" j3i + b"(32 is analytic so that all of its negative Fourier coefficients are zero. But, 
all of its (strictly) positive Fourier coefficients are zero too since, by (3'), P{z{a"Pi + b"P 2 )) = 0. 
Therefore a”Pi + b"P 2 is nothing but a constant. So we get (iii) in this case. 

Case-3 : (3) and (F) are true. This implies (iii). Proof is similar to the previous case. 

Case-4 : (3) and (3') are true. We can assume that ai / Pi or 02 / P 2 , because otherwise it 
will give (ii). So, without loss of generality assume that ai Pi. This will force both b' and b" to 
be non zero and a'/b' = a"lb"{= d say). So, we have dai + a 2 = dPi + P 2 , Q{dai + 02 ) = 0 
and P{z{dPi + P 2 )) = 0. Therefore P(^z{dai + 02 )) = 0. But, then dai +a 2 must be a constant 
and hence, this case implies (iii). 


7. Compactness 

In this section we shall discuss about the compactness of the operator Sa,i 3 - The following 
theorem says that there are no non trivial compact operators Sa,j 3 - 

Theorem 7 . 1 . If Sa. p is compact then a = P = 0 . 

Proof. Let is compact. Note that Sa,pz^ = az^ for all re > 0, so that ||S'a,/ 3 -s”|| = ||a|| 
if re > 0. Since l,z,z‘^ ■ ■ ■ is a sequence of orthonormal elements, —)• 0 as re ^ 0. 
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Therefore ||a|| = 0 or a = 0. In a similar way, taking the sequence z, z^,z^ ■ ■ ■, we can show 
that /3 = 0. □ 


Compact operators can not even go closer to Sa^/s- 

Theorem 7.2. Let a,,d G L°°, and K be a compact operator on L^. Then ~ ^11 ^ 

■^ll‘S'a,/ 3 ||- The constant appeared in the inequality, is the maximum one. 

Proof. Let n be a non-negative integer. Since the operator Sz^,z" sends z^ to and z^^^ 
to for A; > 0, it follows that is an isometry so that ||S'^n ^njl = = 1. 

Therefore 


\\Sa,(S-K\\ = 
> 


> 


s*z.-z4s:,fs-K*)\\ 

(Q o c* jy^w 

— 5*„ by Theorem [Q] 

Slz^,p-zA\-\\S:r,-Z^K*\\ 

s^z^^pzA\-\\sir.-z^KA\. 


Now by Theorem 13. II (hi. 


I |‘S'ci;2:’^/3z’^ 11 ^ 11® I loO) 11/5| loo} ^ ^^ \/| |ck| 1^ T 


>^\\Sa,h\\. 


Again, for any / in Lf, Sl-a^^nf = P(z”/) + Q{z^ f) which goes to 0 as n —l- oo. But K being 
compact so is K*. Therefore ||S*n jniT*|| —)• 0. So we conclude the first part of the Theorem. 

For the second part it is enough to show that there are L°° functions a, fi and a compact operator 
K such that ||S'q,^^ — K\\ = ;^||5a,/3||. Take a = z, [5 = 1 and the finite rank operator (in 
particular compact) K on Lf defined by Kf = f{0)z. Then, if is easy fo see fhaf 


CO —CO 

(5,,i -K)f = J2 fin)z^-" + Y. 

n=l n=—l 


so fhaf 

ll(S.M-A-)/ll" = Elf<")l"S ll/ll". 

n^O 

Again ||(5gp — K)z\\ = 1 = ||z||. Therefore IKS'^p — A')|| = 1. On fhe ofher hand, by Theorem 
[3ll](iv), IIS'z^ll = V2. Hence — K\\ = as desired. □ 


8. Spectrum 


In fhis section we discuss abouf fhe specfrum of fhe operafor Sa^/s. 
We can write 

^a,j3 *S'a,0 T ^0,0' 

If is easy fo check fhaf 

S*a,of = Sl^f = QiPf), 


so fhaf 


SApf = P{af) + Q{Pf). 
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For an operator T, we denote its point speetrum by no(T), approximate point spectrum by n(T) 
and spectrum by cr(r). First we prove the following lemma which will be useful later in discussing 
the spectrum. 

Lemma 8.1. Let A / 0. Then (5* q — XI) f = g 

Qf = 

{T^-XI)Pf = 

In particular, g G W f ^ H^- 
Proof. Let (5* g - XI) f = g. Writing f = Pf + Qf and g = Pg + Qg we get 
P{dPf) + P{aQf ) - XPf - XQf = Pg + Qg 

Which gives 

Qf = -^Qg, (8.1) 

P{aPf) - XPf = Pg- P{aQf ). (8.2) 

Using (18.11) in (18.21) . we get 

{T^-XI)Pf = Pg+jP{aQg). 

Hence the necessary part of the lemma is proved. To prove the sufficient part, first note that, 
the given conditions clearly imply (18.11) and (18.21) . Now, adding these two equations we get that 
(S*,o - XI)f = g. □ 

Definition 8.2. For a € L°°, the essential range of a is defined fo be 

ess ran a = {A : m{e*^ : |Q:(e*®) — A| < e} > 0,for all e > 0}, 

where m is fhe normalized Lebesgue measure. 

The following fheorem gives some descriptions abouf fhe specfrum for cerfain special cases. 

Theorem 8.3. Let a, jS G L°°. 

(i) ess ran a U ess ran /3 C n(5a,/3) 

(ii) iT(5a,o) = (^{Ta) U {0} and ct(S'o,/3) = aif/s) U {0}. 

(iii) If a is analytic or /3 is co-analytic, then cr{Sa,p) C <t(To) U (y{Tif) U {0}. 

(iv) If a is analytic and /3 is co-analytic, then (t(S'q,^^) U {0} = cr(Ta) U criTfi) U {0}. 

Proof (i) Lef denofes fhe usual mulfiplicafion operator on given by M^if) = af. Lef 
A € ess ran a. Then (see fhe proof of Theorem 3.3.1, page-108, lUl) fhere is a sequence of 
unif norm functions hn G such fhaf \\{Ma — X)hn\\ —)• 0. Buf, note fhaf, hn being in 
{Ma — X)hn = {Sa,i3 — X)hn. Therefore ||(5a,/3 — A)/i„|| —)• Oproving fhaf A G n(5a,/3). Hence 
ess ran a C n(5Q,j3). Now lef A G ess ran /3. Looking af fhe same proof (i.e. proof of Theorem 
3.3.1, page-108, [1]) if is nof hard fo see fhaf fhere is an sequence of unif functions gn in such 


iff 

-{qs. 

Pg + jPiaQg)- 
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that ||(M^ - A) 5 r„|| 0. But, being in {Mp - \)gn = {Sa,f 3 - X)gn- It follows that 

A E n(5Q^/3). Therefore ess ran /3 C n(S'Q,_^). This completes the proof of (i). 

(ii) Clearly 0 is in the spectrum of Sa,o- So, we have to prove that non zero spectrum of 5^,0 
is same as that of the Toeplitz operator Tq,. Since spectrum of the adjoint of an operator is same 
as the conjugate of the spectrum of the operator, it is enough to show that non zero spectrum of 
5 *q is same as that of T* = Ta- So take A / 0. We have to show that S'* q — A/ is invertible iff 
Ta — XI is invertible. First we note that (S* q — XI) f = (T^ — XI) f for all / E H^. 

If S* 0 — XI is injective then (S* q — XI) f / 0 for all non zero / in which implies that 
{Ta — XI) f 7 ^ 0 for all non zero / in and hence — XI is injective. 

If S* Q — XI is onto then for any g E there is a / E such that (S* q — XI) f = g. But 

then by Lemma ISTl / E H^. Therefore (T^ — XI) f = g. Hence Ta — XI is onto. 

Let Ta — XI is injective. Then we shall show that S* q — A/ is also injective. Let (S* q — A/)/ = 
0. Then P{af) — Xf = 0. Applying Q to both sides we have Qf = 0. Which implies that / E H^. 
As a result we have (T^ — XI) f = 0 and which implies / = 0 proving the injectivity of S* q — XI. 

Now assume that Tq — XI is onto. Let g £ L^. There exist h E such that 


(Tq - XI)h = Pg+ ^P{aQg). 


Define / E by Qf = —jQg and Pf = h. Then, by Lemma [8Hl (S* ^ — XI) f = g proving 
the ontoness of S'* q — XI. This finishes fhe proof of fhe facf fhaf ct(5q^o) = (^{Ta) U {0}. The 
proof of cr(5o,/3) = cy{Tp) U {0} is similar. 

(hi) Lef [3 E In view of (ii) if is enough fo show fhaf cr{Sa,i3) C ij{Sa,o) U (t(S'o,^) 

which is again equivalenf fo showing fhaf (j{S*a 0) C cj(5*g)U(T(S'g^). Lef A / 0 be such fhaf 
bofh 5* g — A/ and S^^ — XI are inverfible. We need fo show fhaf S*^ ^ — XI is inverfible. If 
(5* ^ — A)/ = 0, writing / = Pf + Qf, and fhen comparing fhe componenfs we gef 


P{aPf) + P{aQf) - XPf = 0, 


(8.3) 


Q{pPf) + Q{PQf)-XQf = 0. 


Since /3 is co-analyfic, fhe second equation gives (S'g^ — XI)Qf = 0. Buf (S'g^ — XI) being 
injective, Qf = 0. Therefore (18.31) gives (S* g — XI)Pf = 0 which, by fhe injecfivify of S* g — XI, 
implies fhaf Pf = 0. Hence / = 0. Therefore (5* ^ — XI) is injecfive. To prove ifs onfoness, lef 
g E L^. Since S'g^ — A/ is onto, fhere exisfs hi E such thaf (S'g^ — XI)hi = Qg. Applying 
fhe operafor P, we gef fhaf Phi = 0 or /ii E Since S* g — A/ is onto, fhere exisf h 2 E 
such fhaf (S* g — A/)/i 2 = Pg — P{ahi). Applying Q fo bofh side, we see thaf Qh 2 = 0 or 
/i 2 E H^. Now define / = /ii + /12 so fhaf Qf = hi and Pf = / 12 . Wifh fhis definition of / if is 
nof hard fo see fhaf 


P{aPf) + P{aQf)-XPf = Pg, 


(8.4) 


Qil^Qf) - XQf = Qg. 

Since fj is co-analyfic, fhe lasf equafion is equivalenf fo 


Q{pPf) + Q{^Qf)-XQf = Qg. 


( 8 . 5 ) 
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Adding (18.41 ) and (18.51) we get (5* ^ — XI) f = g. Therefore -S'* ^ — AI is onto. This completes 
the proof of (ii) when /3 is co-analytic. The proof for analytic a is similar. 

(iv) In view of (i) and (ii), it is enough to show that (T{Safl) U o'(S'o,/ 3 ) C cr{Sa^g) U {0}. So let 
A ^ (T(S'a^/3)U{0}. We have to show that A ^ cr{Safl) and A ^ it(5o,/ 3). If {Safi — XI) f = 0, then 
a being analytic, Qf = 0 and {a — X)Pf = 0. Again {Sa — XI)Pf = {a — X)Pf = 0. Since 
Sa,i 3 is injective, Pf = 0. hence / = 0. Therefore (S'a,o ~ XI) is injective. Next, let g E L^. 
There exists h £ such that — XI)h = Pg. Applying the operator P both side we get 
{a — X)Ph = Pg. Now define / € by Pf = Ph and Qf = —jQg. With this definition 
of /, it is easy to see that {Safi — XI)f = g proving the ontoness of Safi — XL So we have 
proved that Safl — XI is invertible and hence A ^ it(Sq,^o)- In n similar way we can prove that 
A i a{So,p). □ 

Like the Toeplitz operator, the spectrum of Sa,p can be known completely provided a, /3 are 
continuous functions. Recall the definition of index of a continuous curve (/) : 5*^ —)■ C at a point 
a ^ range (j) '■ 

1 f 1 

mdacp = — / - dz. 

2m Jpz-a 

The index is also called the winding number of (j) around a. We have the following theorem giving 
complete information about the spectrum of Sa,p, when a and /3 are continuous. 

Theorem 8.4. Let both a and (5 be continuous. Then 

(^{Sa,p) = range a U range /3 U {a ^ (range a U range ff) : indaO / inda/?} . 

The proof of the above theorem is an adaptation of the method used to prove the corresponding 
result of Toeplitz operator (see Theorem 3.3.18, page-116, lT|). We need several lemmas. 

Lemma 8.5. Let a E /3 E such that their inverses exist and a~^ E H°°, E H°°. 
Then is invertible. 

Proof. The proof follows from the fact that S^^pf = 5 iff Pf = a~^Pg and Qf = /3~^Qg', in 
other words, 5"“^ = □ 

Lemma 8.6. Let a E L°° be such that Sa^i is invertible. Let n be an integer. Then S^n-a,! L 
invertible iffn = 0. 

Proof. If part is obvious. So we need to show that if n / 0, then Sz^ap is not invertible. 

Case-1 : n > 0. By Theorem 16.11 Sz^a,i = Note that 1 has no pre-image under 

1 . Therefore Sz^p is not invertible, and hence the same is true for Sz^ap- 
Case-2 : n < 0. Write k for —n so that Sz-^ap = 1 . Let Pk-i denotes the projection onto 

the space {f £ if ■. f{m) = 0 for allm / 0,1, • • • ,{k — 1)}. Then a small calculation shows 
that 

Sgf^aP - SapSgk^^ = Z^{a - l)Pfc_l. 

Let g = —S'”} {z^{a — 1)). Now, it is not hard to see that image of the space {f £ if ■. /(O) = 
1, /(I) = • • • = /(k — 1) = 0} under S'gfe is the full space if. Therefore there is an / E if 
with /(O) = 1,/(1) = ••• = f{k — 1) = 0 such that s^k if = g. So, the above equation, when 
applied on /, gives Sgk^pf = 0. Hence S^k^p is not invertible. □ 
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Lemma 8.7. Let (j)be a continuous function which does not take the value 0. Then i is invertible 
iff indo f> = Q. 

Proof. Since (f is continuous and it does not take the value 0, there is a positive number 6 such that 
|(/)(e*®)| > 5 for all 0 < 6 < 2tt. Certainly we can choose a trigonometric polynomial p such that 
\(f>{e^^) — p(e*^)| < I for all 6. Clearly |p(e*®)| > ^ for all 9. We define the continuous function 
Tp := so that cp = p(l + ip) and |V’(e*^)| < Therefore the continuous function 1 + ip can 
not wind around 0 so that indo (1 + V’) = 0> hence indg p = indop + indo (1 + V’) = indoP- 
Therefore it is enough to show that is invertible if and only if indop = 0. Let n be a 

non negative number such that has no non-zero Fourier coefficients corresponding to 

negative indices. Since p has no zero on we can factored as 

k I 

- z,) - w,), 

1 1 

for some non negative integers m, k, I, non zero complex numbers zj’s and rcj’s, where zj’s lie 
(strictly) inside the circle and Wj ’s lie (strictly) outside the circle. We can write 

k I 

p{e^0) = ce^(m-n+k)9 

1 1 

Since \wj\ > 1 and \zj\ < 1, it follows that indg (e*® — Wj) = 0 and indo (1 ~ Zje~^^) = 0. So, 
from the above equation, we get indgp = m — n + k. Therefore it is enough to show that i is 
invertible if and only if m — n + A; = 0. 

We write p as 

p(e*®) = ced”^-^+^)®n(e*^)?;(e*'^), 

where 

l k 

u(e«) = n(e" -Wj), v{e“) = jj!! - V'")- 

1 1 

Note that u is analytic, v is co-analytic and both of them are continuous. Since \ wj\ > 1 for all j = 
1, 2, • • • Z, it follows that u~^ is analytic and continuous. Similarly, v~^ is co-analytic and continu¬ 
ous. Now, it is not hard to see that, i is invertible iff ,,-1 

is invertible. But, by Theorem IhTTl .^,-1 = and by Lemma 

18.51 is invertible. Therefore we can say that is invertible iff i is invert¬ 
ible. Hence the proof follows by Lemma [8^ if we can show that i is invertible. But this is 

true since 

11-^ ~ 'S'(l+l/j),l I 1 = ||5'.j/;^oll ^ llV'lloO ^ 2 ^ 

□ 

Now we prove Theorem 18.41 

Proof, (proof of Theorem 18.41 1 Theorem 18.31 (i) implies that range a U range pi is contained in 
(j{Sa^p). Thus we only need to show that, for a p. range a U range pi, Sa^js — al is invertible iff 
inda a = ind^ pi. Since a ^ range a U range /3 iff 0 ^ range (a — a) U range (/3 — a), Sa,i 3 — al = 
Sa-a,i 3 -a< and ind^ « = indo (« — a), inda/3 = indo (/3 — a), we may assume that a = 0. 
Therefore we need to show the following : If a, /3 are never vanishing continuous functions then 
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Sa ,/3 is invertible iff indg a = indg /?. Since (3 is never vanishing continuous function we can 
show that Sa,i 3 is invertible iff i is invertible. So writing cj) = ^, using the fact that indo^ = 
indo a — indg /3, our problem ultimately reduces to Lemma [87/1 Hence the proof. □ 

Remark 8.8. Theorem l8.41 in particular, implies that if a, P are continuous then the spectral radius 
of Sa^i 3 is max {| |a||oo, ||/3||oo}- But we don’t know whether the same is true for general a, (3. 

9. Injectivity 

In this section we discuss about the injectivity of the operators Sa,fs and Unlike the 

Toeplitz operator, the Coburn Alternative type theorem is not true for general Sa,p- 
For a measurable set A C |A| denotes its usual Lebesgue measure. 

Theorem 9.1. Let a and 13 be non zero L°° functions. Let and denote the zero sets of a 
and (3 respectively. 

(i) If \Za\ = 0 or |Z^| =0 then at least one of Sa,p and 5* ^ is injective. 

(ii) Let \Za\,\Zp\ 0. If Za 7 ^ Zp (in the sense of measure i.e. \Za\ Zp\ Oj then is 

injective 

(iii) Let |Zq|, |Z^| / 0. 5* ^ A injective n = 0. 

Proof, (i) Without loss of generality assume that \Za\ =0. Let Safif = 0 and *S'* = 0 for 

some f,g G L^. We have to show that at least one of / and g is zero. Now j^g = 0 implies 
that P{ag) + Q{$g) = 0 or P{ag) = 0 and Q{$g) = 0 which is equivalent to saying that ag in 
and /3p is in H^. On the other hand, since Sa,gf = 0, we have aPf + f3Qf = 0. Taking 
conjugate and then multiplying by g we get gaPf + g^Qf = 0. Since ga is in and Pf is 
in H'^, gaPf is an function whose all the non negative Fourier coefficients are zero. Similarly 
g^Qf is an function whose all the non positive Fourier coefficients are zero. Therefore we 
can conclude that gaPf = g^Qf = 0. If 5 is non zero then, \Za\ being zero, ga is non zero; 
therefore Pf = 0 or Pf = 0 and hence (3Qf = 0 (as aPf + (3Qf = 0) so that Qf = 0 and thus 

/ = o. 

(ii) If Za / Zi 3 then there is a set E of positive measure such that one of a and /3 is zero on 
E and other is non zero on each point of E. Assume that a is zero on E and f3 never vanishes on 
E. Now, if Sa^pf = 0 i.e. aPf + flQf = 0 then clearly Qf is zero almost every where on E. 
Therefore Qf must be identically zero and consequently aPf = 0 or Pf = 0 and thus / = 0 
proving the injectivity of 

(iii) Let |ZQ,n = 0. If S'* ^<7 = 0 i.e. P{ag) + Q0g) = 0 then P{ag) = 0 and Q{(3g) = 0 

or equivalently we can say ag is in and ^g in H^. Since ag is zero on Za which has positive 
measure, ag = 0. Similarly ^g = 0. Since {ZaC] Z^l = 0 we must have g = 0. Therefore S'* ^ is 
injective. Now let |Zq n 7 ^ 0. If we take g to be the indicator function of Za H Zjs, it is easy 
to see that 5* ^<7 = 0 proving the non injectivity of 5* □ 

Remark 9.2. The above theorem would be complete if we could prove the other implication of (ii) 
i.e if IZq,I, II 7 ^ 0 and Za = Zjj then Sa^p is not injective. But we don’t know whether this 
is true in general. Whatever example we got, we saw that the result is true. We discus one such 
special case here : Let E be an open non empty interval in S'^. Let a,l3 ^ L°° be such that both 
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are never vanishing continuous functions on and = Zp = E. It is geometrically evident 
that we can define never vanishing continuous functions a', /3' on 5^ such that they are same as 
a, /3 respectively on E^, as well as their winding number at 0 are same i.e. indo a' = indo /3^ 
Therefore, by Theorem 18.41 Sai,p' is invertible. Hence Sa\i3>f = Xe for some non zero f £ L'^', 
where xe denotes the indicator function of E. Since = XE^Sa\fS', Sa,pf = 0 implying the 
non injectivity of Sa^p. 

Like the Toeplitz operator, (i) of the above theorem has the following applications. 

Corollary 9 . 3 . Let a, 13 be non zero L°° functions. Assume that either \Za\ = or \Zp\ =0 Then 
Sa,p dense range if it is not injective. 

Proof. If Sa,p is not injective, by Theorem 19.11 (i), 5* is injective. If possible let the range of 
Sa,p is not dense. Then there there is a non zero g such that {Sa,pf, p) = 0 for all /. Therefore 
(/, 5* ^g) = 0 for all /. Putting / = 5* we conclude that S'* = 0 which contradicts the 

injectivity of S* □ 

Corollary 9 . 4 . Let a, (3 be non-constant L°° functions. Assume that at least one of a and f3 can 
not be constant on any set of positive measure. Then 

no(s„,^)nno(s;_^) = 0. 

Proof. If possible let A G no(SQ^/ 3 ) and A G no('S'a/ 3 ) for some complex number A. Then there 
are non zero functions / and g such that {Sa,p — ^I)f = 0 and (S* ^ — XI)g = 0. But these 
are equivalent to saying that Sa-xp-xf = 0 and S*_^ = 0 so that both Sq,_a,^-a and 

^a-x p-x injective contradicting (i) of Theorem 19. II □ 

Corollary 9 . 5 . Let a, f3 are non-constant real-valued L°° functions such that at least one of a and 
13 can not be constant on any set of positive measure. Also assume that a — 13 is a real constant. 
Then point spectrum of Sa,p is empty. 

Proof. By Theorem 2.1 in lITOl . Sa^p is self-adjoint. If possible let A G no(SQ,^y 3 ). Since Safi is 
self adjoint A must be real and it is also in the point spectrum of S* This implies a contradiction 
to the previous corollary. □ 
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